ADVANCED PROPERTIES OF NONLOCAL OPERATORS AND APPLICATIONS
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1. THE RESEARCH PROJECT

1.1. State of the play. Fractional operators have been intensively studied since nineteenth century,
when the fractional calculus has been introduced. Indeed, the first trace of this interest already
appears at the beginning of the calculus history with Leibnitz, Bernoulli, De L’Hépital and then with
Euler and Laplace. However, with Liouville and Abel work the scientific interest grew up, because
after their contribute it was possible to solve the tautochrone problem.

Important improvements came from Riemann and then from Marchaud, Weyl, Griinwald and Let-
nikow, few comments about this historic part may be found in [10], until to arrive to Marcel Riesz
and Frostam who introduced a potential theory associated with kernel like ||z||*™", a € (0,2), where
n is the dimension of the Euclidean space. A collection of these results may be found in [9]. In any
case, a brief historical introduction about this subject may be read in [20], see also [15].

In 2006 L. Caffarelli and L. Silvestre gave a new impulse to this research, because they put in evi-
dence that some nonlocal problems may be reduced to local problems applying the extension method
described in [3], see for instance the application to the thin obstacle in [4] and [7] for a revisitation
of Sobolev spaces with respect to the fractional Laplace operator as well as the papers [1] and [2] for
finding other applications of the extension method to Marchaud derivative.

Concerning non-commutative structures, very few results in literature exist. In particular, we remark
[12], [14], [13], [11] and more recently also in the paper [16]. Very few results are available for functions
that possibly diverge.

1.2. Nonlocal operators. We mainly are interested in the fractional operators, the simplest example
is given by the fractional Laplace operator (—A)®, for s € (0,1). This operator is classically defined
on the Schwartz space as F~1(|¢|**Fy), where F denotes the Fourier transform. This definition
some time doesn’t permit to immediately understand some properties that functions satisfying some
equations involving the fractional Laplace operator have.

For instance, if v > 0 in R™ and (—A)%u = 0 in  C R" for some s € (0,1), then u satisfies the
Harnack inequality. This fact means that there exists a positive constant C' such that for every ball
of radius r and By, C ) then

supu < Cinf u.
B, By

Using the characterization given in [3], for instance in the case s = %, the proof is reduced to prove the
Harnack inequality for a harmonic function U defined in all the space R” x R, z € R™, y € R such that
%—Z(x, 0) = 0 in Q. In fact, it results that (—A)"/?u(z) = %—g(x, 0), where U is the harmonic function
in R” x (0,4+00) such that U(z,0) = u in R™. As a consequence, defining U by even reflexion along

the plane y = 0, U is harmonic in all of R"*! and the classical theory applies to U. As a byproduct,
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the Harnack inequality holds even for u, see [3]. The definition of fractional Laplace operator of order
s € (0,1) can be stated even as

. u(z) — u(y)
1 —AYu(z) = lim ¢ / ———=2d
(1) (87 ule) = Jim cns | LTy
for function continuous function u such that fRn To A Jﬁlillgs dr < 400, where ¢, s is a normalizing con-

stant such that —(—A)%u — Au for s - 17 and —(—A)u — u as s — 07, see e.g. [7].

The non-locality of these operators is testified not only by the fact that (—A)® acts via an integral, but
even in remarking, for instance, that the Harnack inequality for the (—A)l/ 2 if we do not assume that
u is positive defined in all of R™ but we simply suppose that u is positive on 2 only, then a counter
example can be construct, see [17]. On the contrary, the classical Harnack inequality for a harmonic
function defined in all of R™ holds even on every subset €2 of R” on which w is positive even if u were
negative outside 2. The definition (1) is the simplest case among a huge amount of cases referring to
the hypersingular theory, [20], where different type of quotients are considered. This theory comes
from the Marchaud approach, [18]. In the case of the fractional Laplace operators usually it becomes
useful to follow the realization obtained with centered increments or following the approach described
in [19].

Concerning the definition of the fractional operator, in [8] has been introduced a new definition that
permits to take in account functions that grow more than linearly. This fact cannot be admitted using
one of the classical definitions of fractional Laplace operator. Nevertheless, it is possible to introduce,
see [8], a definition in which when the function has a polynomial growth at infinite, then its fractional
Laplacian is just a function, but an equivalence class of functions modulo polynomials of a fixed order.

About the definition of fractional Laplace operators in non-commutative structures, in [12], [11] and
[13] have been obtained some achievements about a useful way of defining fractional Laplace operators
and further fractional notions like that one of fractional perimeter, for instance in Carnot groups.
However this presentation appears in some cases too much complicated by the fact that is introduced
via the heat kernel associated with sub-Laplacian operators in Carnot groups.

1.3. Targets. The aim of this project is to explore the existence of some results analogous to those
obtained in [8], but adapted to more general kernels with respect to the classic ones given by ||h||7" =2
in R™. In particular, we would like to understand if it is possible to select some polynomials, adapted to
the selected kernels, characterizing that framework and if the regularity results obtained in [8] might
be extended to those operators associated with those new kernels.

In addition, we would like to investigate the chance to extend that approach even in a non-commutative
framework and/or to nonlocal operators of higher order as well. In order to achieve these results, it
is important to understand what type of changes have to be done in the non-commutative setting in
considering some kernels associated with the fundamental solution of the heat operator, [12] and [6].
From this point of view. As a byproduct, a deeper knowledge about the behavior of the kernels in the
non-commutative case would be preparatory to face other type of problems in that setting.

For instance, starting from a variational definition of solution, see [5], stated for nonlocal operators
in non-commutative structures it would be possible to face nonlocal free boundary problems in that
framework.
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1.4. Scheduled Activities. The hired researcher will have to interplay even with me and some other
colleagues of the department. In particular with Eugenio Vecchi and Francesca Colasuonno. Among
people that now belong to foreigner institutions, we point out, in particular, Nicola Abatangelo now
at the Goethe-Universitat at Frankfurt am Main. In addition, it has been scheduled some activities,
possibly to be held in a remote way, involving some specialists in the study of nonlocal operators
like Enrico Valdinoci and Serana Diperro, at University of Western Australia, and possibly even with
Daniela De Silva and Ovidiu Savin at the Columbia University of New York. This last part of the
project will be developed in the framework of some visits scheduled in the project: The interplay of
Geometry, Combinatorics and Representation Theory that is parto of Bando strutture, “Promozione
di iniziative innovative nell’ambito degli accordi quadro” 2020 at the University of Bologna.

REFERENCES

[1] A. Bernardis, F. J. Martn-Reyes, P. R. Stinga, J. L.Torrea, Maximum principles, extension problem and inversion
for nonlocal one-sided equations. J. Differ. Equ. 2016, 260, 6333—6362.
[2] C. Bucur, F. Ferrari, An extension problem for the fractional derivative defined by Marchaud. Fract. Calc. Appl.
Anal. 19 (2016), no. 4, 867—887.
[3] L. Caffarelli, L. Silvestre, An extension problem related to the fractional Laplacian. Comm. Partial Differential
Equations 32 (2007), no. 7-9, 1245-1260.
[4] L. Caffarelli, L. Silvestre, S. Salsa, Regularity estimates for the solution and the free boundary of the obstacle problem
for the fractional Laplacian. Invent. Math. 171 (2008), no. 2, 425-461.
[5] A. Dzhugan, F. Ferrari, Domain variation solutions for degenerate two phase free boundary problems Math. Eng. 3
(2021), no. 6, Paper No. 043, 29 pp.
[6] A. Dzhugan, F. Ferrari, in preparation.
[7] E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces. Bull. Sci. Math. 136
(2012), no. 5, 521-573.
[8] S. Dipierro, O. Savin, E. Valdinoci, Definition of fractional Laplacian for functions with polynomial growth. Rev.
Mat. Iberoam. 35 (2019), no. 4, 1079-1122.
[9] N. S. Landkof, Foundations of Modern Potential Theory. Springer, New York. Translated from the Russian by A.
P. Doohovskoy, Die Grundlehren der mathematischen Wissenschaften (1972), Band 180.
[10] F. Ferrari, Weyl and Marchaud derivatives: A forgotten history. Mathematics, 2018, 6(1), 6.
[11] F. Ferrari, Some Nonlocal Operators in the First Heisenberg Group, Fractal and Fractional Volume: 1 Issue: 1
Article Number: 15 (2017) DOIL: 10.3390/fractalfract1010015
[12] F. Ferrari, B. Franchi, Harnack inequality for fractional sub-Laplacians in Carnot groups. Math. Z. 279 (2015), no.
1-2, 435-458.
[13] F. Ferrari, M. Jr. Miranda, D. Pallara, A. Pinamonti, Y Sire, Fractional Laplacians, perimeters and heal semigroups
in Carnot groups. Discrete Contin. Dyn. Syst. Ser. S 11 (2018), no. 3, 477-491.
[14] R. L Frank, M. d. M. Gonzalez, Mara del Mar, D. Monticelli, J. Tan, An extension problem for the CR fractional
Laplacian. Adv. Math. 270 (2015), 97-137.
[15] N. Garofalo, Fractional thoughts. New developments in the analysis of nonlocal operators, 1-135, Contemp. Math.,
723, Amer. Math. Soc., Providence, RI, 2019.
[16] N. Garofalo, G. Tralli, Feeling the heat in a group of Heisenberg Adv. Math. 381 (2021), 107635, 42 pp.
[17] M. Kassmann, A new formulation of Harnack’s inequality for nonlocal operators. C. R. Math. Acad. Sci. Paris 349
(2011), no. 11-12, 637-640.
[18] A. Marchaud, Sur les dérivées et sur les différences des fonctions de variables réelles. Journ. Math. Pures Appl. 9,
No 6 (1927), 337-425.
[19] M. Riesz, L’intégrale de Riemann-Liouville et potentiels. Acta Szeged, 9:1-42, 1938.
[20] S. G. Samko, A.A. Kilbas, O. I. Marichev, Fractional integrals and derivatives. Theory and applications. [Translated
from the 1987 Russian original] Gordon and Breach Science Publishers, Yverdon, 1993.
3



FAUSTO FERRARI: DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI BOLOGNA, P1AzzA DI PORTA S.DONATO 5, 40126,
BoLoGNA-ITALY

E-mail address: fausto.ferrari@unibo.it



